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HARMONIC ANALYSIS ON THE ADE`LE RING OF Q
VICTOR A. AGUILAR–ARTEAGA∗, MANUEL CRUZ–LO´PEZ ∗∗ AND SAMUEL ESTALA–ARIAS ∗∗∗
Abstract. The ring of finite ade`les Af of the rational numbers Q is obtained in this article as
a completion of Q with respect to a certain non–Archimedean metric. This ultrametric allows to
represent any finite ade`le as a series generalizing m–adic analysis. The description made provides a
new perspective for the adelic Fourier analysis on Af , which also permits to introduce new oscillatory
integrals. By incorporating the infinite prime, the mentioned results are extended to the complete
ring of ade`les A of Q.
1. Introduction
Since the introduction of the p–adic fields Qp by K. Hensel, the development of p–adic theory has
been a very fruitful subject of study. For each prime number p, Qp is a non–Archimedean completion
of the rational numbers Q. Putting together all these completions with the Archimedean one, R,
the ring of ade`les A of Q is constituted. The ring of ade`les contains complete information on the
arithmetics of the rational numbers.
The fields Qp are non–Archimedean local fields which are complete with respect to an ultrametric
whose unit ball centred at zero is the maximal compact and open subring Zp, the ring of p–adic
integers. The ade`le ring A is the direct product R × Af , where Af is the so called ring of finite
ade`les and it constitutes the totally disconnected part of A. The ring of finite ade`les Af is classically
defined as the restricted direct product of the fields Qp, over all prime numbers, with respect to the
corresponding rings of integers. The additive structure of Af and A makes them locally compact
Abelian topological groups whose harmonic analysis has played a fundamental role in algebraic
number theory (see [30], [22], [23] [26]). More recently, several studies of pseudodifferential equations,
stochastic processes and others analytical tools on the ring of ade`les A and other adic subrings of A
have been done (see [6], [7], [8], [20], [18], [10], [32], [38], [39]).
Both ade`les rings A and Af , being traditional objects in number theory, have several equivalent
descriptions which provide different models of them. For instance, Af can be seen as the smallest
second countable locally compact topological ring which contains all p–adic completions of Q. From
this perspective, the basic goal of this article is twofold: to present Af as a general adic ring allowing
series representations and to develop the adelic Fourier analysis on Af generalizing m–adic analysis
([34], [2], [19], [9]). In order to extend these results to the complete ade`le ring A, the infinite prime
is considered.
Adic series representations lead to describe Af as a second countable locally compact totally
disconnected topological ring and to see it is an ultrametric space ([14]). Several other ultrametrics
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on Af and A have been considered in different works such as [7], [29], [22] and [39]. The ultrametric
chosen here follows from a general framework on locally compact totally disconnected Abelian groups
([1], [27]). This ultrametric allows to evaluate some oscillatory integrals as generalized Dirichlet series
related to the second Chebyshev function (see Section 3).
Series representations go back to the original construction by Hensel and their introduction is
due to Pru¨fer, von Neumann, Novoselov, among others (see e.g., [14] and [9]). The arithmetics of
polyadic integer numbers have been studied carefully in several works ([4]). In particular, the adelic
topology of integers was considered by Furstenberg ([11]). However, the case of the finite ade`le ring
has not been considered before in complete detail. The case of the finite ade`le ring is a limit case in
the sense that any other adic ring is contained on this ring.
Let us summarize briefly the content of this article. To begin with the analysis, we introduce
extended second Chebyshev and von Mangoldt functions ψ(n) and Λ(n) over Z. These functions
provide a totally directed system of neighborhoods of zero {eψ(n)Z}n∈Z for an additive invariant
topology on Q whose completion is known to be the finite ade`le ring (Compare with [12]). With
these ingredients, any non-zero finite ade`le x can be written as an adic convergent series
x =
∞∑
k=γ
ake
ψ(k), (γ ∈ Z)
with aγ 6= 0 and ak ∈ {0, 1, . . . , eΛ(k+1) − 1}, which allow us to state the general properties of Af
as in the pioneering work by V. S. Vladimirov [33]. A fractional part function {·}Af : Af −→ Q
is introduced in order to define a canonical additive character χ(x) = e
2πi{x}Af on Af . With this
character at hand it is shown that Af is autodual in the sense of Pontryagin. Additionally, the chosen
filtration provides a natural description of the Bruhat–Schwartz spaces of test functions D(Af) as
nuclear spaces and permits the study of the Fourier transform, the Fourier inversion formula and the
Parseval–Steklov identity on D(Af) and L
2(Af).
Considering the place at infinity R, a description of the ring of ade`les A as a locally compact
Abelian topological ring is given. The Bruhat–Schwartz space D(A) is an inductive limit of Fre´chet
spaces which is isomorphic to the algebraic and tensor product D(R) ⊗ D(Af), where D(R) is the
Schwartz space of R. The Fourier transform on A, given by FA = FR ⊗ FAf is an isomorphism on
D(A). The Fourier inversion formula and the Parseval–Steklov identity are satisfied.
The space of square integrable functions L2(A) on A is a separable Hilbert space since it is the
Hilbert tensor product space
L2(A) ∼= L2(R)⊗ L2(Af)
and L2(R) and L2(Af ) are separable Hilbert spaces (see [25]). From this decomposition, the following
fundamental and classical result is obtained.
Theorem: The Fourier transform F : L2(A) −→ L2(A) is an isometry and the Fourier inversion
formula and the Parseval–Steklov identities hold on L2(A).
Finally, it is very important to say that given any completion of the rational numbers by a filtration
similar to the one considered here conduces to an analogous harmonic analysis on Af , and therefore
on A.
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The manuscript is arranged as follows. In Section 2 the ring Af is introduced as a completion of
the rational numbers Q. The additive group of characters of Af and the basic theory of functions
and integration is done in Section 3. The Bruhat–Schwartz spaces and the theory of Fourier analysis
are presented in Section 4. Finally, in Section 5 the theory is done on the complete ring of ade`les.
2. The finite ade`le ring Af as a completion of Q
In this Section the finite ade`le ring Af is depicted as a completion of the rational numbers Q. First,
an arithmetical function related to the second Chebyshev function is introduced in order to describe a
family of additive subgroups and an ultrametric on Q. The completion of the rational numbers with
respect to this ultrametric is shown to be a second countable locally compact topological Abelian
ring isomorphic to the finite ade`le ring. For a comprehensive introduction to the theory of the ring
of ade`les we quote the books [36], [24], [21] and the classical treatises [12] and [30].
2.1. An extended second Chebyshev function. Denote by N = {1, 2, . . .} the set of natural
numbers and let P ⊂ N be the set of prime numbers. Recall the following classical arithmetical
functions (see [3]). Let ψ(n) denote the second Chebyshev function defined by the relation
eψ(n) = lcm(1, 2, . . . , n) (n ∈ N),
where lcm(a, b) denotes the least common multiple of a and b. Write Λ(n) for the von Mangoldt
function given by
Λ(n) =
log p if n = pk for some p ∈ P and integer k ≥ 1,0 otherwise.
These arithmetical functions are related by the equivalent equations
ψ(n) =
n∑
k=1
Λ(k) and eψ(n) =
n∏
k=1
eΛ(k).
For any integer number n, define the second symmetric Chebyshev function by
ψ(n) =
 n|n|ψ(|n|) if n 6= 0,0 if n = 0,
and the symmetric von Mangoldt function by (extending) the relation
eΛ(n) =
eψ(n)
eψ(n−1)
.
That is,
Λ(n) =
Λ(n) if n > 0,Λ(|n− 1|) = Λ(|n|+ 1) if n ≤ 0.
Notice that if eψ(n) < eψ(n+1) then eψ(n+1)/eψ(n) is a prime number given by eΛ(n+1); otherwise,
eψ(n) = eψ(n+1) and eΛ(n+1) = 1. The values where the first case occurs form the set
C =
{
−pl : l ∈ N, p ∈ P
}
∪
{
pl − 1 : l ∈ N, p ∈ P
}
.
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For the purposes of the article the following change of parameter on these values is useful:
Remark 2.1. Let ρ : Z −→ C be the unique increasing bijective function such that eψ(ρ(n)) is a strictly
increasing function with eψ(ρ(0)) = 1.
In order to simplify notation we will write eψ(n) and eΛ(n) instead of eψ(ρ(n)) and eΛ(ρ(n)), respectively.
With this notation, eψ(n+1)/eψ(n) is a positive prime number eΛ(n+1). Moreover, for any integers
n > m, the functions ψ(n) and Λ(n) satisfy the relations
ψ(n)− ψ(m) =
n∑
k=m+1
Λ(k) and eψ(n)/eψ(m) =
n∏
k=m+1
eΛ(k).
Remark 2.2. From the definition of the extended second Chebyshev function, it follows that the
sequences (eψ(n))∞n=0 and (1/e
ψ(−n))∞n=0 coincides, are totally ordered by division and cofinal with N,
i.e. given any natural number N , there exists l ∈ N such that N divides eψ(l).
The following observation is of great importance to the construction given on the next section.
Remark 2.3. Using a similar procedure as the one used to write any rational number with respect to
a given integer base, any positive rational number q admits a unique representation as a finite sum
q =
N∑
k=γ
ake
ψ(k), (q ∈ Q+, γ ∈ Z)
with aγ 6= 0 and ak ∈ {0, 1, . . . , eΛ(k+1) − 1}.
2.2. The ring of finite adelic numbers. To each integer number n, there corresponds an additive
subgroup eψ(n)Z of the rational numbers Q. If n is nonnegative, eψ(n)Z is an ideal of Z, otherwise if
n is negative, eψ(n)Z is a fractional ideal of Q. The family of all such subgroups is totally ordered by
inclusion. In fact, the filtration
{0} ⊂ · · · ⊂ eψ(n)Z ⊂ · · · ⊂ Z ⊂ · · · ⊂ eψ(m)Z ⊂ · · · ⊂ Q (m < 0 < n)
has the properties ⋂
n∈Z
eψ(n)Z = {0} and
⋃
n∈Z
eψ(n)Z = Q.
The collection {eψ(n)Z}n∈Z is a countable neighborhood base of zero for a second countable ad-
ditive invariant topology on Q. In fact, since Q is countable, the topology on Q is generated by a
numerable collection of open sets. This topology is called here the finite adelic topology of Q. Since
the intersection of the neighborhood base at zero consists only of the point zero, the finite adelic
topology on Q is Hausdorff.
From Remark 2.2, it follows that the induced topology on Z coincides with the Furstenberg topol-
ogy and any nonempty open set is given by the union of arithmetic progressions (see [11]). Fur-
thermore, Remark 2.2 implies that the finite adelic topology of Q is the topology generated by all
additive subgroups of Q (see [12]). Hence, a nonempty subset U ⊂ Q is open if it is a union of
rational arithmetics progressions in Q, i.e. U is a union of sets of the form lZ+ q, where l and q are
fixed rational numbers. This implies that a set U is open if and only if given any q ∈ Q there exists a
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nonzero rational number l such that lZ+ q ⊂ U . Notice that arithmetic progressions are both open
and closed because
lZ+ q = Q \
⋃
j∈Q
0<j<l
lZ+ q + j.
A sequence (an)n∈N of rational numbers is a Cauchy sequence in the finite adelic topology if for
all k ∈ Z there exists N > 0 such that, if n,m > N , then an − am ∈ eψ(k)Z, i.e. if eψ(k) divides
an − am in the sense that there exists an integer number c such that ceψ(k) = an − am. For instance,
constant sequences with all their elements equal to a fixed rational number, are Cauchy sequences.
In particular, when the fixed constant is zero, it is called the zero sequence. A less trivial example
of a Cauchy sequence is a sequence given by the partial sums
Sn =
n∑
k=γ
ake
ψ(k)
of any formal infinite series of the form
x =
∞∑
k=γ
ake
ψ(k), (γ ∈ Z)
with ak ∈
{
0, 1, . . . , eΛ(k+1) − 1
}
and aγ 6= 0. In fact, if n ≥ m,
Sn − Sm =
n∑
k=m+1
ake
ψ(k) ∈ eψ(m)Z.
Let C(Q) be the set of all Cauchy sequences. With the sum and multiplication by components, C(Q)
is a commutative ring with unitary element the constant sequence (1)n∈N. Two Cauchy sequences
(an)n∈N and (bn)n∈N of rational numbers are said to be equivalent if (an − bn)n∈N converges to the
zero sequence, i.e. for all l ∈ Z
an − bn ∈ e
ψ(l)Z,
for n sufficiently large. A Cauchy sequence is trivial if it converges to zero. The set of all trivial
Cauchy sequences C0(Q) is an ideal of the commutative ring C(Q). The completion Q of Q is the
quotient ring C(Q)/C0(Q) with the topology given by the concept of Cauchy convergence. It follows
thatQ is a complete topological space where the natural inclusion of Q, with the finite adelic topology
in Q, is dense.
2.2.1. Adic series. Let (an)n∈N be a Cauchy sequence of rational numbers. If (an)n∈N is not equivalent
to zero in Q, there exists a maximum element γ ∈ Z such that there is a subsequence (bn)n∈N with
bn /∈ eψ(γ)Z. Since (bn)n∈N is a Cauchy sequence, there is another subsequence (cn)n∈N such that
cn /∈ eψ(γ)Z and (cn−cn−1) ∈ eψ(γ)Z. Therefore, there exists a unique integer lγ−1 ∈ {1, . . . , eΛ(γ)−1}
such that cn − lγ−1eψ(γ−1) ∈ eψ(γ)Z for all n. Once more, since cn − lγeψ(γ−1) is a Cauchy sequence,
there exists a subsequence dn of cn such that
(dn − dn−1) ∈ e
ψ(γ+1)Z.
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Hence, there exists a unique integer lγ such that lγ ∈ {0, 1, . . . , eΛ(γ+1) − 1} and
dn − lγ−1e
ψ(γ−1) − lγe
ψ(γ) ∈ eψ(γ+1)Z
for all n. Inductively, the partial sums (
γ−1+n∑
k=γ−1
lke
ψ(k)
)
n∈N
form a sequence representing (an)n∈N in Q. Therefore, every nonzero element x ∈ Q has a represen-
tative, also denoted by x, which can be uniquely written as a convergent series
x =
∞∑
k=γ
lke
ψ(k), (γ ∈ Z)
with lk ∈
{
0, 1, . . . , eΛ(k+1) − 1
}
, lγ 6= 0.
Remark 2.4. Due to series representations, the ring Q is called here the ring of finite adelic numbers.
2.2.2. Arithmetical operations. From the definitions of addition and product of Cauchy sequences
the following holds. Let x, y ∈ Q be two finite ade`les with series representation
x =
∞∑
k=γ
ake
ψ(k) and y =
∞∑
k=γ
bke
ψ(k)
and let Sk(x) and Sk(y) be the partial sums
Sk(x) =
k∑
l=γ
ale
ψ(l) and Sk(y) =
k∑
l=γ
ble
ψ(l).
The coefficients {ck}∞k=λ of the series representation of the sum
z = x+ y =
∞∑
k=γ
cke
ψ(k)
are given as follows: since eψ(γ)eΛ(γ+1) = eψ(γ+1), there exists a unique cγ ∈ {0, 1, . . . , eΛ(γ+1) − 1}
such that
cγe
ψ(γ) ≡ aγe
ψ(γ) + bγe
ψ(γ) mod eψ(γ+1).
Inductively, there exists ck ∈ {0, 1, . . . , eΛ(k+1) − 1}, (k ≥ γ), such that
k∑
l=γ
cle
ψ(l) = Sk(x) + Sk(y) mod e
ψ(k+1).
In addition, the coefficients {ck}∞k=λ of the series representation of the product
z = xy =
∞∑
k=γ
cke
ψ(k)
can be found inductively by considering
k∑
l=γ
cle
ψ(l) = Sk(x)Sk(y) mod e
ψ(k+1),
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where ck ∈ {0, 1, . . . , eψ(k+1) − 1}.
The sum of any two finite ade`les can be done by the procedure of ‘carrying’ if necessary in the
series representation, similar to classical decimal expansions. The multiplication however uses a
similar procedure but with a bit more subtle algorithm (see [7]).
Proposition 2.5. Let x, y ∈ Q be two finite ade`les with series representation
x =
∞∑
k=γ
ake
ψ(k) and y =
∞∑
k=γ
bke
ψ(k).
The coefficients {ck}∞k=λ of the series representation of the sum
z = x+ y =
∞∑
k=γ
cke
ψ(k)
are given by
ck = ak + bk + rk−1 mod e
Λ(k+1),
where ck ∈ {0, 1, . . . , eΛ(k+1) − 1}, rγ−1 = 0 and, (for k = γ, . . .), rk is one or zero depending on
whether ak + bk + rk−1 is greater than e
Λ(k+1) or not.
Proof. Consider the truncated series representation of x and y:
SN(x) =
N∑
k=γ
ake
ψ(k) and SN (y) =
N∑
k=γ
bke
ψ(k).
Hence
SN(x) + SN(y) =
N∑
k=γ
ake
ψ(k) +
N∑
k=γ
bke
ψ(k)
=
N∑
k=γ
(ak + bk)e
ψ(k)
=
N∑
k=γ
cke
ψ(k) + rNe
ψ(N).
Therefore SN(x) + SN(y) converges to z = x+ y when N →∞ and
z =
∞∑
k=γ
cke
ψ(k).

Remark 2.6. The difference of any two finite ade`les is computed by the procedure of ‘taken’ if
necessary.
Example 2.7.
−1 =
∞∑
n=0
(eΛ(n+1) − 1)eψ(n).
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2.2.3. An adelic ultrametric. From Proposition 2.5 the function ord : Q −→ Z ∪ {∞} given by
γ(x) = ord(x) := min{k : ak 6= 0}
defines an order on Q, in the sense that it satisfies properties:
(1) ord(x) ∈ Z ∪ {∞}, and ord(x) =∞ if and only if x = 0,
(2) ord(x+ y) ≥ min{ord(x), ord(y)}, for any x, y ∈ Q.
This allows to introduce a non–Archimedean metric on Q given by
dQ(x, y) = e
−ψ(ord(x−y)) (x, y ∈ Q).
In fact, the second property of the function ord(·) above implies
dQ(x, z) ≤ max{dQ(x, y), dQ(y, z)},
for any x, y, z ∈ Q. The ultrametric dQ takes values in the set {e
ψ(n)}n∈Z ∪ {0} and the balls centred
at zero are the completions of the original filtration
B(0, eψ(n)) =
{
x ∈ Q : x =
∞∑
k=γ
ake
ψ(k) with n ≤ γ
}
, (n ∈ Z).
Definition 2.8. The collection of finite adelic integers Ẑ is the unit ball of Q:
Ẑ =
{
x ∈ Q : x =
∞∑
k=0
ake
ψ(k)
}
.
From the definition of addition and multiplication, it follows that the finite adelic integers Ẑ is a
compact and open subring of Q. It is also maximal, because ‖x2‖Af > ‖x‖Af for any x ∈ Q which is
not in Ẑ. In addition, Ẑ contains the set of integer numbers as a dense subset.
Remark 2.9. From the construction of Q and the fact that eψ(n)Z is an ideal of Z, it follows that Ẑ
is the profinite ring completion of the integers Z. Moreover, for any other case, eψ(n)Ẑ is the profinite
group completion of the additive subgroup eψ(n)Z (see [37]).
From a geometrical point of view, the non–Archimedean property shows that any point of a ball
is a center and that two balls are disjoint or one is contained in the other. This property can be
described algebraically as follows. For each n ∈ Z, define an = e−ψ(n)Ẑ.1 The collection {an}n∈Z is a
neighborhood base of zero for the finite adelic topology on Q. Each subgroup an provides a disjoint
partition
Q =
⋃
x∈Q/an
(x+ an)
where the union is taken over a complete (countable) set of representatives of the quotient Q/an.
1It is important to notice that these are not powers of the ring Ẑ.
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For each n ∈ Z and x ∈ Q, let Bn(x) be the ball with center at x and radius eψ(n). From the
non–Archimedean property, each element of a ball is its center and any ball is compact and open.
The balls Bn(x) coincides with the sets x+ a
n and the decomposition above can be written as
Q =
⋃
x∈Q/an
Bn(x),
where the union is taken over a complete set of representatives of the quotient Q/an.
A complete set of representatives of the quotient an/an−1 determines the partition
a
n =
⋃
x∈an/an−1
(x+ an−1)
which induces a corresponding partition
Q =
⋃
y∈Q/an,
x∈an/an−1
(y + x+ an−1).
Remark 2.10. An equivalent way to describe Q is the following: the function
γ(q) = min
{
l : q ∈ eψ(l)Z
}
is an order over Q in the sense that it satisfies properties 2.2.3 and the function
dQ(p, q) = e
−ψ(ord(p−q)),
for p, q ∈ Q, is an ultrametric on Q. By construction, the ultrametric dQ is the restriction of dQ to
Q and therefore the metric completion of Q with respect to dQ is naturally isometric to Q.
As a nice consequence of writing any element of Q as a convergent series, it is shown the following
result characterising the compact subsets of Q.
Proposition 2.11. The topological ring Q satisfies the Heine–Borel property, i.e. a subset K ⊂ Q
is compact if and only if it is closed and bounded. Therefore Q is a locally compact topological ring.
Proof. Since Q is an ultrametric space, it is sufficient to prove that any closed and bounded set
K ⊂ Q is sequentially compact. Let (xk)k≥1 be a bounded sequence in Q and write
xk =
∞∑
l=γ(xk)
ak(l)e
ψ(l)
(
ak(l) ∈
{
0, 1, . . . , eΛ(l+1) − 1
} )
.
Since (xk)k≥1 is bounded, the set {γ(xk)} is bounded from below, say by γ0. If the set {γ(xk)} is
unbounded from above, then (xk)k≥1 has a subsequence that converges to zero. If the set {γ(xk)} is
bounded from above, it only takes a finite number of values. Therefore, for some γ0 ∈ Z, there exists
a subsequence of (xk)k≥1 with elements of the form
a0e
ψ(γ0) + a1e
ψ(γ0+1) + a2e
ψ(γ0+2) + · · · (al ∈ {0, 1, 2, . . . , e
Λ(γ0+l) − 1}, a0 6= 0).
Moreover, since a0 can take only a finite number of values, there exist a definite
a0 ∈ {1, 2, . . . , e
Λ(γ0) − 1}
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and a subsequence of the form
a0e
ψ(γ0) + a1e
ψ(γ0+1) + a2e
ψ(γ0+2) + · · · (al ∈ {0, 1, 2, . . . , e
Λ(γ0+l) − 1}, a0 6= 0).
Since any other ak can take only a finite number of values, inductively, it is found a subsequence
which converges to a nonzero limit point
x =
∞∑
l=γ0
ale
ψ(l)
(
al) ∈
{
0, 1, . . . , eΛ(l+1) − 1
}
a0 6= 0
)
.

Remark 2.12. For any nonzero rational numbers p and q, pZ · qZ = pqZ. Therefore, for any
nonzero rational number l the preimage of lZ under the multiplication Q×Q −→ Q is the union of
all pZ × qZ ⊂ Q2 such that pq = l. Since this union is an open set, any completion of the rational
numbers by a filtration as above produces a topological ring.
Remark 2.13. Since Q is a topological ring, for any nonzero rational number q, the set qẐ is a
compact and open subgroup of Q. It can be seen that any compact and open subgroup of Q is of the
form qẐ for some nonzero rational number q.
2.2.4. A Haar measure on finite adelic numbers. Consider the additive function dx on balls given by
dx(Bn(x)) = dx(a
n) := eψ(n) =
[an : Ẑ] if n > 0,[Ẑ : an] if n ≤ 0.
for any x ∈ Q and n ∈ Z. The set of all balls of positive radius and the empty set forms a semiring
and the additive function dx is a σ–finite premeasure. By Carathe´odory’s extension theorem, there
exists a unique Borel measure on Q, also denoted by dx, which extends this formula. Since balls are
compact and open, it follows that dx is a Radon measure on Q. Moreover, by construction dx is
additive invariant and hence it is a Haar measure on Q.
By definition, this measure assigns total mass one to Ẑ. Moreover, the following statement holds.
Proposition 2.14. For any rational number q, the Haar measure of qẐ is equal to q−1.
Proof. It is only necessary to compute the index for the subgroups lẐ for any natural integer l. First,
lZ ∩ eψ(n)Z = mcd(l, eψ(n))Z = lZ for n sufficiently large. The completion of lZ is lẐ and
[Ẑ : lẐ] = [Z : lZ] = l.

2.2.5. Non–Archimedean topology of the ring of finite ade`les numbers. In summary, Q is a second
countable, locally compact, totally disconnected, commutative, topological ring. The following prop-
erties holds (see picture 2.2.5):
(1) The inclusion Q →֒ Q is dense and Q is a separable topological space.
(2) Q has a non–Archimedean metric dQ such that (Q, dQ) is a complete ultrametric space and
therefore it is a totally disconnected topological space.
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(3) A Haar measure on Q can be chosen in such a way that the maximal compact and open
subring Ẑ has total mass one.
(4) The ultrametric dQ is the unique additive invariant ultrametric on Q whose balls centered at
zero is precisely the collection {an}n∈Z, and such that the Haar measure of any ball is equal
to its radius. In particular, Ẑ has diameter one.
(5) For any integer n, if x ∈ Bn(y), Bn(x) = Bn(y).
(6) The set of all balls of any positive fixed radius form a numerable partition of Q.
(7) The set of all balls of positive radius are numerable. Therefore, the topology of Q is generated
by a numerable base and the Borel σ–algebra of Q is separable.
Figure 1. The ring of finite ade´les
2.3. Finite adelic numbers are isomorphic to the finite ade`les ring. In this paragraph the
topological ring Q is shown to be naturally isomorphic to the finite ade`le ring of Q. For a complete
description of this isomorphism see [7].
2.3.1. The ring of finite ade`les. For each prime p ∈ P denote by Zp and Qp the ring of p–adic integers
and the field of p–adic numbers, respectively. The finite ade`le ring Af of the rational numbers Q is
classically defined as the restricted direct product of the fields Qp with respect to the maximal
compact and open subrings Zp. That is
Af =
{
(xp)p∈P ∈
∏
p∈P
Qp : xp ∈ Zp for all but finitely many primes p ∈ P
}
.
with a topology given by the restricted direct product topology.
The restricted direct product topology is the unique additive invariant topology generated by the
neighborhood base of zero
N =
{
q
∏
p∈P
Zp : q ∈ Q, q 6= 0
}
,
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which consists of compact and open subgroups of Af , by Tychonoff’s theorem. With the restricted
direct product topology, the topological ring Af is second countable, totally disconnected, locally
compact and commutative.
The diagonal inclusion of Q into Af is dense, so Q has a unique topology whose completion Q is
isomorphic as a topological ring to Af as stated in the next result:
Proposition 2.15. There exists an isomorphism of topological rings
Q ∼= Af ,
which preserves the inclusion of Q in both rings.
Proof. From Remark 2.9 the ring of finite adelic integers Ẑ is the profinite completion of Z. By
the Chinese Remainder Theorem, there exists an isomorphism of topological rings between Ẑ and∏
p∈P Zp, which preserves the natural inclusion of the integers on both rings. Furthermore, by the
group version of the Chinese Remainder Theorem, for each any integer number n, there exists
a topological group isomorphism between eψ(n)Ẑ and eψ(n)
∏
p∈P Zp, which preserves the natural
inclusion of the group eψ(n)Z = eψ(n)
∏
p∈P Zp ∩Q. These isomorphisms are compatible, due to their
natural inclusion of the groups eψ(n)Z, and extends to an isomorphism from Q to Af , which preserves
the natural inclusion of Q in both rings. 
Remark 2.16. From Proposition 2.15 it follows that the series representation of a finite ade`le x is
valid in Af . That is to say, the partial sums
s(x,N) =
N∑
l=γ
xle
ψ(l) ⊂ Af
are convergent in Af with the restricted direct product topology. Using the ultrametric dAf , every
finite ade`le x ∈ Af can be written as a series
x =
∞∑
l=γ
xle
ψ(l), (xl 6= 0, l ∈ Z)
with xl ∈ {0, 1, . . . , eΛ(l+1) − 1}. This series is convergent in the ultrametric of Af and the numbers
xl appearing in the representation of x are unique and ord(x) = γ ∈ Z.
Remark 2.17. In the sequel we identify Q with Af and set dAf (x, y) = dQ(x, y), for x, y ∈ Af . We
also write ‖·‖Af := dAf (0, ·).
3. Characters and integration theory on Af
This Section introduces the group of additive characters of the locally compact Abelian group
(Af ,+). The fractional part of an adic series allows to explicitly describe a canonical character of Af
and to show that the group of finite ade`les is a selfdual group in the sense of Pontryagin. In addition,
basic elements of integration theory on Af and some oscillatory integrals are discussed. The general
theory of harmonic analysis on locally compact Abelian topological groups has been collected in the
monumental work [14]. The article [33] and the book [34] describe this theory for the case of the
field of p–adic numbers Qp. We also quote references [2] and [19].
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3.1. The group of additive characters of Af . An additive character of the ring Af is a continuous
group homomorphism χ : Af −→ S1, where S1 is the multiplicative group of complex numbers with
norm equal to one. Denote by Char(Af) the topological group which consists of all continuous
homomorphisms from Af into S
1 endowed with the compact and open topology. This group is called
the Pontryagin dual of Af or, the character group of Af . Since Af is locally compact, Char(Af) is also
a locally compact Abelian group.
3.1.1. The canonical character. According to Section 2.2, any finite ade`le x ∈ Af admits a unique
series representation
x =
∞∑
k=γ(x)
ake
ψ(k),
where aγ(x) 6= 0 and ak ∈ {0, 1, . . . , e
Λ(k+1) − 1}. If γ(x) < 0, x can be decomposed as
x =
−1∑
k=γ(x)
ake
ψ(k) +
∞∑
k=0
ake
ψ(k).
This leads to the following:
Definition 3.1. The fractional part of a finite ade`le x ∈ Af is
{x} :=

−1∑
k=γ(x)
ake
ψ(k) if γ(x) < 0,
0 if γ(x) ≥ 0.
From this definition it is clear that x ∈ Ẑ if and only if {x} = 0. Additionally, for any x ∈ Af
with γ(x) < 0, its fractional part satisfies the inequalities:
eψ(γ) ≤ {x} ≤ 1− eψ(γ)
(
γ = ord(x)
)
.
From Proposition 2.5, the fractional part function satisfies the relation
{x+ y} = {x}+ {y} −N, (x, y ∈ Af)
where N = 0, 1. Therefore the map x 7−→ exp(2πi{x}) is a well defined group homomorphism from
Af to the unit circle. Moreover, it is trivial on Ẑ, which implies that it is a continuous function and
a character of Af . This observation allows to state the following definition.
Definition 3.2. The map χ : Af −→ S1 given by
χ(x) = exp(2πi{x}) (x ∈ Af)
is the canonical additive character of Af .
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If x ∈ Ẑ, χ(x) = 1; however, if x ∈ Af\Ẑ, γ = γ(x) < 0 and
χ(x) = exp(2πi{x})
= exp
(
2πi
−1∑
k=γ
ake
ψ(k)
)
= exp
(
2πi
e−ψ(γ)
(
aγ + aγ+1e
ψ(γ+1)−ψ(γ) + · · ·+ a−1e
ψ(−1)−ψ(γ)
))
= exp
(
2πiℓ
e−ψ(γ)
)
,
where ℓ = aγ + aγ+1e
ψ(γ+1)−ψ(γ)+ · · ·+ a−1eψ(−1)−ψ(γ) is an integer number smaller than e−ψ(γ). That
is, the image of any element x ∈ Af under the canonical character is a nontrivial N–th root of unity
for some N ∈ N, whenever x /∈ Ẑ. This implies that the kernel of the canonical character is precisely
Ẑ. Since Af/Ẑ is a discrete group, the image of Af under the canonical character is isomorphic to
the group of roots of unity Q/Z with the discrete topology. This can be subsumed as:
Remark 3.3. The kernel of the canonical character χ is the compact and open subgroup Ẑ of Af
and χ is constant on the cosets of Ẑ. Moreover, χ can be factorized as a composition
Af −→ Af/Ẑ −→ S
1.
Therefore,
Af/Ẑ ∼= Q/Z,
where Q/Z is the group of roots of unity with the discrete topology.
Remark 3.4. The canonical additive character does not depend on the construction given here and it
agrees with the classical canonical additive character of Af . In fact, the fractional part of any x ∈ Af
is the unique rational number {x} ∈ Q ∩ [0, 1) such that x − {x} ∈ Ẑ and there is a decomposition
Af = Q ∩ [0, 1) + Ẑ.
3.1.2. Af is selfdual. Since multiplication is continuous on the ring Af , for any ξ ∈ Af , the function
χξ : Af −→ S1 defined as
χξ(x) = χ(ξx) = exp(2πi{ξx})
is an additive character of Af . For any sequence of ade`les (ξn)n∈N converging to ξ ∈ Af , the sequence
of characters (χξn)n∈N converges uniformly on every compact subset of Af . It follows that Char(Af)
contains Af as a closed subgroup.
Observe now that if χ ∈ Char(Af) is any nontrivial additive character, then there exists an integer
n such that χ is trivial on an, but it is nontrivial on an+1. This can be seen in the following way:
suppose that V ⊂ S1 is an open neighborhood of the identity 1 ∈ S1 such that no nontrivial subgroup
of S1 is contained in V . By continuity of χ, the preimage χ−1(V ) is an open neighborhood of 0 in
Af , and therefore there exists n ∈ Z such that an ⊂ χ−1(V ). Being χ a homomorphism, this implies
that χ(an) ⊂ V is a subgroup of S1, and hence, it must be trivial. Since χ is nontrivial, there exists
a minimum integer n ∈ Z such that χ is trivial on an, but it is nontrivial on an+1. This number n is
called the rank of the character χ.
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Theorem 3.5. The finite ade`le group Af is selfdual. That is to say, there exists an isomorphism of
locally compact Abelian topological groups from Af to Char(Af ) given by ξ 7−→ χξ.
Proof. We have already seen that χξ is an additive character for any ξ ∈ Af and that Af is closed
in Char(Af). Suppose that χ˜ is an arbitrary additive nontrivial character of Af . If n is the rank
of the character χ˜, then χ˜ induces a nontrivial character on the quotient group an+1/an. Since
χeψ(n) = χ(e
ψ(n)·) is trivial on an but nontrivial on an+1, the induced character of χ˜ in an+1/an
provides a number ξn ∈ {1, . . . , e
Λ(n+1)−1} in a way that the finite ade`le ξne
ψ(n) represents a nonzero
element such that
χ(ξne
ψ(n)x) = χ(eψ(n)x)ξn = χ˜(x),
on an+1, where χ is the canonical character. Inductively, for any m ≥ n, it is found a finite sum
Sm(ξ) =
m∑
k=n
ξke
ψ(k)
(
ξk ∈ {0, 1, . . . , e
Λ(k+1) − 1}, ξn 6= 0
)
such that χ˜(x) = χ
(
Sm(ξ)x
)
on am. Hence,
ξ =
∞∑
k=n
ξke
ψ(k)
is a finite ade`le such that χ˜(x) = χ(ξx). Finally, the pairing Af ×CharAf −→ C given by (x, y) 7−→
χy(x) = χ(xy) shows the topological group isomorphism Char(Af) ∼= Af . 
Definition 3.6. For any q ∈ Q the annihilator of the subgroup qẐ ⊂ Af , in Char(Af), is defined as
the subgroup
Ann(qẐ) =
{
χ ∈ Char(Af) : χ(x) = 1 for all x ∈ qẐ
}
.
Proposition 3.7. For any q ∈ Q, the annihilator of qẐ is the subgroup q−1Ẑ.
Proof. For any nonzero rational number q, if ξ ∈ qẐ then ξq−1Ẑ ⊂ Ẑ and therefore q−1Ẑ ⊂ Ann(qẐ).
Now, if ξ /∈ qẐ, then q−1ξ /∈ Ẑ. It follows that χ(qξ) 6= 1. 
Corollary 3.8. The annihilator of an is the subgroup a−n. In particular, Ann(Ẑ) = Ẑ.
Corollary 3.9. There exists an isomorphism of topological groups
Char(an) ∼= Af/a
−n (n ∈ Z).
3.2. Integration theory on Af and some oscillatory integrals. In this paragraph some aspects
of the integration theory on the measure space (Af , dx) is presented. From the ultrametric dAf , a
concept of improper integral arises and this gives sense to some oscillatory integrals on Af .
3.2.1. Change of variables formula. From Proposition 2.14, if q is a nonzero rational number, the
following change of variables holds:
dx(qx) = q−1x
and ∫
K
f(x)dx = q−1
∫
K−b
q
f(qx+ b)dx,
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where K ⊂ Af is a compact subset.
As first examples the area of balls and spheres multiplied by a rational number are calculated in
the sequel. For each n ∈ Z, the ball Bn centered at zero and radius eψ(n) is precisely the subgroup
a
n.
Example 3.10. If qBn = qa
n = qe−ψ(n)Ẑ, then∫
qBn
dx = q−1eψ(n)
∫
Ẑ
dµ(x) = q−1eψ(n) (n ∈ Z).
Example 3.11. ∫
Sn
dx =
∫
Bn\Bn−1
dx
= eψ(n) − eψ(n−1)
= eψ(n)(1− e−Λ(n)).
Example 3.12. From the above examples, for a radial function one obtains∫
Af
f(‖x‖Af )dx =
∞∑
n=−∞
f(eψ(n))eψ(n)(1− e−Λ(n)).
Lemma 3.13. (Integral Criterion) If f : R≥0 −→ R≥0∪{∞} is a non increasing continuous function,
then ∫
Af
f(‖x‖Af )dµ(x) <
∫ ∞
0
f(t)dt.
Proof. This follows from the classical integral criterion by observing that the area of balls equals to
its radius: ∫
Af
f(‖x‖Af )dx =
∞∑
n=−∞
f(eψ(n))(eψ(n) − eψ(n−1)) <
∫ ∞
0
f(t)dt.

3.2.2. Improper vs proper integrals. If f is an integrable function on Af , then∫
Af
f(x)dx =
∞∑
n=−∞
∫
Sn
f(x)dx.
However, when considering some oscillatory integrals related to the ultrametric dAf of Af which are
not necessarily integrable functions, the definition involves the conditional limit∫
Af
f(x)dx = lim
n→−∞
lim
m→∞
m∑
γ=n
∫
Sγ
f(x)dx.
Example 3.14. For σ = Re(s) > 0,∫
Ẑ
‖x‖s−1Af dx =
∞∑
n=0
e−(s−1)ψ(n)e−ψ(n)(1− e−Λ(n+1))
=
∞∑
n=0
1− e−Λ(n+1)
esψ(n)
<
∫ 1
0
xσ−1dx.
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Example 3.15.
−
∫
Ẑ
log(‖x‖Af )dx = −
∞∑
n=0
log(e−ψ(n))e−ψ(n)(1− e−Λ(n+1))
=
∞∑
n=0
ψ(n)e−ψ(n)(1− e−Λ(n+1))
< 1.
3.2.3. Oscillatory integrals. Let χ be the canonical character of Af described in Section 3.1.1.
Example 3.16. For n ∈ Z,∫
Bn
χ(−ξx)dx =
eψ(n) if ‖ξ‖Af ≤ e−ψ(n),0 if ‖ξ‖Af > e−ψ(n).
In fact, if ‖x‖Af ≤ e
−ψ(n), then χ(−ξx) is the trivial character on an. On the other hand, if ‖x‖Af >
e−ψ(n), χ(−ξx) is nontrivial on an and there exists an element b ∈ an such that χ(−ξb) 6= 1. Now,
from the invariance of the Haar measure, one obtains∫
a
n
χ(−ξx)dx =
∫
a
n
χ(−ξ(x+ b))dx = χ(−ξb)
∫
a
n
χ(−ξx)dx.
Hence
∫
a
n χ(−ξx)dx = 0 and the formula of the proposition holds.
This example implies:
Example 3.17. For any n ∈ Z, the following holds
∫
Sn
χ(−ξx)dx =

eψ(n) − eψ(n−1) if ‖ξ‖Af ≤ e
−ψ(n),
−eψ(n−1) if ‖ξ‖Af = e
−ψ(n−1),
0 if ‖ξ‖Af ≥ e
−ψ(n−2).
Example 3.18. Let f be a non increasing radial function on Af , i.e. f(x) = f(‖x‖Af ). For ξ ∈ Af
write γ = ord(ξ), then
∫
Af
f(x)χ(−ξx)dx =
∞∑
n=−∞
∫
Sn
f(‖x‖Af )χ(−ξx)dx
=
∫
Bγ
f(x)dµ(x)− f(eψ(γ))eψ(γ+1)
=
∑
n≤γ
f(eψ(n))(eψ(n) − eψ(n−1))− f(eψ(γ))eψ(γ+1)
=
∑
n≤γ
eψ(n)
(
f(eψ(n))− f(eψ(n+1))
)
.
Example 3.19. The following conditional integral exists∫
Af
χ(−ξx)dx = 0 (ξ 6= 0).
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Example 3.20. This example is an adelic analogue of the p–adic Riesz kernel. For Re(s) > 1 and
ξ ∈ Af , with γ = ord(ξ), define Γ(ξ, s) by the following conditional convergent integral∫
Af
‖x‖s−1Af χ(−ξx)dx =
∑
n≤γ
eψ(n)(e(s−1)ψ(n) − e(s−1)ψ(n+1))
=
∑
n≤γ
esψ(n)(1− e(s−1)Λ(n+1))
=
∞∑
n=−γ
e−sψ(n)
(
1−
1
e(s−1)Λ(n)
)
.
Example 3.21. From this example the following adelic analogue of the p–adic Γ–function arises
ΓAf (s) =
∫
Af
‖x‖s−1Af χ(x)dx
=
∞∑
n=0
e−sψ(n)
(
1−
1
e(s−1)Λ(n)
)
.
Example 3.22. If ξ 6= 0 and γ = ord(ξ), we have
∫
Af
log(‖x‖Af )χ(−ξx)dx =
∑
n≤γ
eψ(n)(log(eψ(n))− log(eψ(n+1)))
=
∑
n≤γ
eψ(n)(ψ(n)− ψ(n+ 1))
= −
∑
n≤γ
eψ(n)Λ(n+ 1)
= −
∞∑
n=−γ
e−ψ(n)Λ(n).
Example 3.23. If ξ 6= 0 and γ = ord(ξ), then
∫
Af
χ(−ξx)
‖x‖2Af +M
2
dx =
∑
n≤γ
eψ(n)
(
1
e2ψ(n) +M2
−
1
e2ψ(n+1) +M2
)
=
∞∑
n=−γ
e−ψ(n)
(
1
e−2ψ(n) +M2
−
1
e−2ψ(n−1) +M2
)
,
Remark 3.24. The analogous integrals of all these examples in the classical p–adic case can be
explicitly evaluated using the formula for a geometric series. Despite the fact that these integrals are
not so easy to evaluate, the integral criterion implies that they are convergent.
Remark 3.25. Further analytic properties of general Dirichlet series in Example 3.14, Example
3.20 and Example 3.21 beyond their given semiplane of convergence, are unknown to the authors (see
[14]).
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4. Fourier analysis on Af
The aim of this Section is to develop some basic ingredients of the Fourier transform on the space
of test functions on Af . The description of this theory in the p–adic case appears well documented in
[34] and [2]. The Bruhat–Schwartz space of a locally compact commutative group has been introduced
in [5]. The general theory of topological vector spaces can be found in [28].
4.1. Bruhat–Schwartz functions. Recall that aℓ denotes the ball of radius eψ(ℓ) and center at
zero, Bℓ(0) = e
−ψ(ℓ)Ẑ. A function ϕ : Af −→ C is locally constant if for any x ∈ Af , there exists an
open subset Vx ⊂ Af such that ϕ(x+ y) = ϕ(x) for all y ∈ Vx. If ϕ : Af −→ C is a locally constant
function, for any x ∈ Af there exists an integer ℓ(x) ∈ Z such that
ϕ(x+ y) = ϕ(x), for all y ∈ aℓ(x).
Definition 4.1. The Bruhat–Schwartz space of finite adelic test functions D(Af) is the space of locally
constant functions on Af with compact support.
Being Af a second countable totally disconnected locally compact topological group, the weakest
topology on the vector space D(Af) is a natural locally convex topology for which it is complete (see
Remark ?? below). Let us describe this topology in terms of the ultrametric of Af . If ϕ ∈ D(Af) is
different from zero, there exists a largest ℓ = ℓ(ϕ) ∈ Z such that, for every x ∈ Af ,
ϕ(x+ y) = ϕ(x), for all y ∈ aℓ.
This number ℓ is called the parameter of constancy of ϕ. Given two integers ℓ ≤ k, the collection of
locally constant functions with support inside the compact ball ak and parameter of constancy ℓ will
be denoted by Dℓk(Af).
Let 1ℓ(x) be the characteristic (or indicator) function on the ball a
ℓ:
1ℓ(x) =
1 if x ∈ aℓ,0 if x /∈ aℓ.
Lemma 4.2. The set Dℓk(Af) forms a finite dimensional vector space over C of dimension e
ψ(k)/eψ(ℓ).
Therefore it has a unique topology which makes it a topological vector space over C.
Proof. From the non–Archimedean property of Af it follows that any ϕ ∈ Dℓk(Af) can be written as
ϕ(x) =
∑
au∈ak/aℓ
ϕ(au)1ℓ(x− a
u),
where au is a complete set of representatives of the classes of the quotient ak/aℓ. Since
∣∣ak/aℓ∣∣ =
eψ(k)/eψ(ℓ), it follows that Dℓk(Af) has finite dimension equal to e
ψ(k)/eψ(ℓ). 
Let us notice that the following continuous inclusions are valid
Dℓk(Af ) ⊂ D
ℓ′
k′(Af) whenever k
′ ≤ k, ℓ ≤ ℓ′.
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A partial order on the countable set of all pair of integers (k, ℓ), with ℓ ≤ k, is given by the
folowinng relation: (k′, ℓ′) ≤ (k, ℓ), if and only if k′ ≤ k, ℓ ≤ ℓ′. The topology of D(Af) is described
by the inductive limit
D(Af) = lim−→
ℓ≤k
Dℓk(Af ),
which can also be written as the inductive limits
Dℓ(Af) = lim−→
k
Dℓk(Af) and D(Af) = lim−→
ℓ
Dℓ(Af).
Hence, a sequence of functions (ϕj)j≥1 converges to ϕ if there exist ℓ, k ∈ Z such that ϕj ∈ Dℓk(Af)
for j large enough and ϕj −→ ϕ on Dℓk(Af).
Remark 4.3. Since D(Af) is the inductive limit of a countable family of (nuclear) finite dimensional
vector spaces Dℓk(Af), it is a complete locally convex topological vector space over C and a nuclear
space.
Remark 4.4. The space D(Af) and its topology only depends on the totally disconnected topology
of Af . In fact, as stated in [5], the Bruhat–Schwartz space of the locally compact Abelian topological
group Af is given by
D(Af) = lim−→
K⊂H
D(H/K),
where K ⊂ H ⊂ Af are compact and open subgroups of Af and D(H/K) is the space of functions on
Af with support on H and constant on the cosets of K. Therefore any cofinal filtration with respect
to the collection of all compact and open subgroups, {qẐ}n∈Q of Af defines the same space D(Af)
with an equivalent topology on it. Being a totally disconnected group, this topoloy depends only on
the totally disconnected property [15].
Proposition 4.5. For each compact subset K ⊂ Af , let D(K) ⊂ D(Af) be the subspace of test
functions with support on a fixed compact subset K and let C(K) be the space of complex valued
continuous functions on K. The space D(K) is dense in C(K), hence D(Af) is dense in Lρ(Af) for
1 ≤ ρ <∞. Therefore Lρ(Af) is separable for 1 ≤ ρ <∞.
Proof. Let ϕ ∈ C(K). For any ǫ > 0, there exists ℓ ∈ Z such that |ϕ(x)− ϕ(a)| ≤ ǫ if x ∈ Bℓ(a)∩K
with a ∈ K. Since K is compact, K is the union of a disjoint set of balls {Bℓj}
N
j=1. The characteristic
functions of these balls 1Bℓj (x) are elements in D(Qp) and satisfy
N∑
j=1
1Bℓj
(x) = 1 (x ∈ K).
The function
ϕℓ(x) =
N∑
j=1
ϕ(xj)1Bℓj (x)
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is an element of D(K). Therefore,
‖ϕ(x)− ϕℓ(x)‖C(K) = sup
x∈K
|ϕ(x)− ϕℓ(x)|
= sup
x∈K
∣∣∣∣∣ϕ(x)−
N∑
j=1
ϕ(xj)1Bℓj (x)
∣∣∣∣∣
= sup
x∈K
∣∣∣∣∣
N∑
j=1
(ϕ(x)− ϕ(xj))1Bℓ
j
(x)
∣∣∣∣∣
≤ sup
x∈K
N∑
j=1
|ϕ(x)− ϕ(xj)| 1Bℓj (x)
≤ ǫ
N∑
j=1
1Bℓj
(x)
≤ ǫ.
Finally, since the topology of Af is generated by a numerable set of balls, the spaces L
ρ(Af) and
they are separable, for 1 ≤ ρ <∞. 
4.2. The Fourier transform. The Fourier transform of ϕ ∈ D(Af) is given by
ϕ̂(ξ) = F [ϕ](ξ) =
∫
Af
ϕ(x)χ(ξx)dx, (ξ ∈ Af ).
In the examples of oscillatory integrals, we have already computed the Fourier transform of some
functions. In particular, the following property holds:
Lemma 4.6. The Fourier transform of the characteristic function of the unit ball Ẑ coincides with
itself. Moreover for any integer ℓ,
F [1ℓ(x)](ξ) = e
ψ(ℓ)
1−ℓ(ξ),
Proposition 4.7. The Fourier transform is a linear application from Dℓk(Af) to D
−k
−ℓ (Af).
Proof. For ϕ ∈ Dℓk(Af) there is a representation
ϕ(x) =
∑
au∈ak/aℓ
ϕ(au)1ℓ(x− a
u),
where au is a complete set of representatives of ak/aℓ. It is enough to take only characteristic functions
1ℓ(x− au). Now
F(1ℓ(x− a
u))(ξ) =
∫
Af
χ(ξx)1ℓ(x− a
u)dµ(x)
=
∫
Af
χ(ξ(x+ au))1ℓ(x)dµ(x)
= χ(ξau)
∫
Af
χ(ξx)1ℓ(x)dµ(x)
= χ(ξau)eψ(ℓ)1−ℓ(ξ).
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Hence, F(1ℓ(x− au)) has support in a−ℓ. Moreover, since au ∈ ak, the character χ(ξau) is locally
constant on balls of radius eψ(−k), i.e. it has rank at least −k. Therefore
F : Dℓk(Af) −→ D
−k
−ℓ (Af ).

Theorem 4.8. The Fourier transform is a continuous linear isomorphism from the space D(Af)
onto itself and the inversion formula holds:
ϕ(x) =
∫
Af
χ(ξx)ϕ̂(−ξ)dξ, (ϕ ∈ D(Af)).
Additionally, the Parseval–Steklov equality reads as∫
Af
ϕ(x)ψ(x)dx =
∫
Af
ϕ̂(ξ)ψ̂(ξ)dξ.
Proof. It has been already shown that F is a linear transformation from D(Af) into itself. We show
that the inversion formula holds. From Proposition 4.7, if ϕ ∈ Dℓk(Af ) then ϕ̂ ∈ D
−k
−ℓ (Af ). Hence∫
Af
χ(ξx)ϕ̂(−ξ)dξ =
∫
a
−ℓ
χ(ξx)
∫
a
k
ϕ(−y)χ(ξy)dydξ
=
∫
a
k
ϕ(−y)
∫
a
−ℓ
χ(ξ(x+ y))dξdy
=
∫
a
k
ϕ(−y)e−ψ(ℓ)1ℓ(x+ y)dy
=
∑
au∈ak/aℓ
ϕ(au)
∫
au+aℓ
e−ψ(ℓ)1ℓ(x+ y)dy
=
∑
au∈ak/aℓ
ϕ(au)1ℓ(x− a
u)
= ϕ(x).
This shows that the Fourier transform F : Dℓk(Af) −→ D
−k
−ℓ (Af ) is a continuous linear isomorphism,
and therefore F is a continuous linear isomorphism from D(Af) onto itself. From Fourier inversion
formula and Fubini’s theorem, the Parseval–Steklov identity follows. 
Recall that the Banach spaces Lρ(Af ) are separable for 1 ≤ ρ <∞. The Fourier transform of any
integrable function can be defined by means of the same formula and the classical treatment of the
Fourier theory on this space can be done as usual. In particular, L2(Af) is a separable Hilbert space
and the next statement holds: for f ∈ L2(Af), define
F(f)(ξ) = lim
ℓ→∞
∫
a
ℓ
χ(xξ)f(x)dµ(x),
where the limit is in L2(Af ).
Theorem 4.9. The Fourier transform is a unitary transformation on the Hilbert space L2(Af). The
Fourier inversion formula and the Parseval–Steklov identity holds.
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5. Fourier Analysis on A
This Section extends the so far discussed results on Fourier analysis to the complete ring of ade´les
A. First, we recollect several results on the harmonic analysis of the Archimedean completion R of
Q.
5.1. The Archimedean place. Recall that the real numbers R is the unique Archimedean com-
pletion of the rational numbers. As a locally compact Abelian group, R is autodual with pairing
function given by χ∞(ξ∞x∞), where χ∞(x∞) = e
−2πix∞ is the canonical character on R. In addition,
it is a commutative Lie group. The Schwartz space of R, which we denote here by D(R), consists
of functions ϕ∞ : R −→ C which are infinitely differentiable and rapidly decreasing. D(R) has a
countable family of seminorms which makes it a nuclear Fre´chet space. Let dx∞ denotes the usal
Haar measure on R. The Fourier transform
FR[ϕ∞](ξ∞) =
∫
R
ϕ∞(x∞)χ∞(ξ∞x∞)dx∞
is an isomorphism from D(R) onto itself. Moreover, the Fourier inversion formula and the Parseval–
Steklov identities hold on D(R). Furthermore, L2(R) is a separable Hilbert space, the Fourier trans-
form is and isometry on L2(R), and the Fourier inversion formula and the Parseval–Steklov identity
holds on L2(R).
Definition 5.1. The ade`le ring A of Q is defined as A = R× Af .
With the product topology, A is a locally compact Abelian topological ring which admits a discrete
inclusion of Q. Since Af is totally disconnected, (R, 0) ⊂ A is the connected component of zero in
A. A Haar measure on A can be defined as the product measure dx = dx∞dxf , where dxf denotes
the Haar measure on Af .
5.2. The group of Characters of A. If χ˜∞ and χ˜f are any characters on R and Af , respectively,
define a character χ˜ on A by
χ˜(x) = χ˜(x∞)χ˜(xf ) (x = (x∞, xf ) ∈ A).
In particular, if χ∞ and χf are the canonical characters on R and Af , respectively, the expression
χ(x) = χ∞(x∞)χf (xf )
= exp(−2πix∞) exp(2πi{xf}Af )
= exp(2πi(−x∞ + {xf}Af ))
with x = (x∞, xf) ∈ A, defines a canonical character on A.
Let Char(A) be the Pontryagin dual group of A. From the last identification it follows that
R×Af ⊂ Char(A). Moreover, since the additive structure A = R×Af is performed componentwise,
it follows that
Char(R× Af) ∼= Char(R)× Char(Af ) ∼= R× Af ,
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and therefore, A is a selfdual group in the sense of Pontryagin. Moreover, for any prescribed ade`le
ξ = (ξ∞, ξf), a character χξ of A is given by:
χξ(x) = χ(ξx)
= χ∞(ξ∞x∞)χf(ξfxf )
= exp(−2πiξ∞x∞) exp(2πi{ξfxf}Af )
= exp
(
2πi(−ξ∞x∞ + {ξfxf}Af )
)
.
5.3. Bruhat–Schwartz space on A. Recall that the Bruhat–Schwartz space of the locally compact
Abelian group A is given as follows (see [5]). First, notice that any compact subring of A is of the
form {0} ×K, where K is a compact and open subgroup of Af . Since A is an autodual group any
open and compactly generated subgroup of A is of the form R×H , where H is a compact and open
subgroup of Af . If K ⊂ H , {0} ×K is contained in R×H and the quotient group R×H/{0} ×K
is an elementary group. By definition,
D(A) = lim−→
H⊂K
D (R×H/{0} ×K) .
This allows to describe the topology of D(A) using the filtration {an}n∈Z. First, for any ϕ∞ ∈ D(R)
and ϕf ∈ D(Af), define a function ϕ on A by
ϕ(x) = ϕ∞(x∞)ϕf (xf)
for any ade`le x = (x∞, xf). These kind of functions are continuous on A and the linear vector space
generated by these functions is linearly isomorphic to the algebraic tensor product D(R) ⊗ D(Af).
In the following, we identify these spaces and write ϕ = ϕ∞ ⊗ ϕf .
Theorem 5.2. The space of Bruhat–Schwartz functions on A is the algebraic and topological tensor
product of the nuclear vector spaces D(R) and D(Af), i.e.
D(A) = D(R)⊗D(Af).
Proof. Since both D(R) and D(Af) are nuclear, the topological tensor product of these spaces is well
defined. On the other hand, the Bruhat–Schwartz space D(A) of the ring of ade`les can be described
as
D(A) = lim−→
ℓ,k∈Z
ℓ≤k
D
(
R× aℓ/(0, ak)
)
.
Since R×ak/{0}×aℓ ∼= R×(ak/aℓ) is an elementary group, for any integers ℓ ≤ k, D(R×ak/(0, aℓ))
is the algebraic and topological tensor product D(R)⊗ D(ak/aℓ) which is equal to D(R)⊗ Dℓk(Af ),
where Dℓk(Af) denotes the set of functions with support on Bk ⊂ Af and parameter of constancy ℓ.
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Hence, since all the spaces involved in the next computations are nuclear,
D(A) = lim−→
ℓ,k∈Z
ℓ≤k
D(R)⊗Dℓk(Af )
= D(R)⊗ lim−→
ℓ,k∈Z
ℓ≤k
Dℓk(Af )
= D(R)⊗D(Af).

Let us further describe the topology of D(A). Notice that the topological tensor product of
D(R)⊗ Dℓk(Af ) is a Fre´chet space, since D(R) is Frechet and D
l
k(Af), being finite dimensional, has
only one seminorm. Therefore D(A) is a nuclear LF space.
Remark 5.3. A sequence of functions (ϕj)j≥1 in D(A) converges to ϕ if there exist ℓ, k ∈ Z such
that ϕj ∈ D(R) ⊗ Dℓk(Af) for j large enough and ϕj −→ ϕ on the Fre´chet space D(R) ⊗ D
ℓ
k(Af).
This can be split as
Dℓ(A) = lim−→
k
D(R)⊗Dℓk(Af) and D(A) = lim−→
ℓ
Dℓ(A)
5.3.1. The Fourier transform on A. The Fourier transforms on D(R) and D(Af) are, respectively,
defined as:
FR[ϕ∞](ξ∞) =
∫
R
ϕ∞(x∞)χ∞(ξ∞x∞)dx∞
and
FAf [ϕf ](ξf) =
∫
Af
ϕf(xf )χf(ξfxf )dxf .
So the Fourier transform on D(A) is described as
F [ϕ](ξ) =
∫
A
ϕ(x)χ(ξx)dx,
for any ξ ∈ A. It is well defined on D(A) for any function of the form ϕ = ϕ∞ ⊗ ϕf and it is given
by
F [ϕ](ξ) = FR[ϕ∞](ξ∞)⊗FAf (ϕf)(ξf)
for any ξ = (ξ∞, ξf). Succinctly, it can be written as FA = FR ⊗ FAf . From Theorem 4.8 and the
analogous result on the Archimedean place, the following holds.
Theorem 5.4. The Fourier transform F : D(A) −→ D(A) is a linear and continuous isomorphism.
The inversion formula on D(A) reads as
F−1[ϕ](ξ) =
∫
A
ϕ̂(−ξ)χ(ξx)dξ, (ξ ∈ A),
and the Parseval–Steklov equality can be stated as∫
A
ϕ(x)ψ(x)dx =
∫
A
ϕ̂(ξ)ψ̂(ξ)dξ.
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The space of square integrable functions L2(A) on A is a separable Hilbert space since it is the
Hilbert tensor product space
L2(A) ∼= L2(R)⊗ L2(Af)
and L2(R) and L2(Af ) are separable Hilbert spaces (see [25]). From this decomposition, the following
fundamental and classical result is obtained.
Theorem 5.5. The Fourier transform F : L2(A) −→ L2(A) is an isometry and the Fourier inversion
formula and the Parseval–Steklov identities hold on L2(A).
6. Acknowledgements
The first and third authors would like to thank Wilson A. Zun˜iga Galindo for very useful discus-
sions. Work was partially supported by FORDECYT 265667.
References
[1] Aguilar–Arteaga, V. A., Cruz–Lo´pez, M. and Estala–Arias, S. A Heat Equation on some Adic Completions of Q
and Ultrametric Analysis. p–adic Numbers, Ultrametric Analysis and Applications 9, no. 3, 165–182, 2017.
[2] Albeverio, S., Khrennikov, A. Y. and Shelkovich, V. M. Theory of p–adic distributions. LMS, Lectures Notes
Series 370, Cambridge University Press, New York, 2010.
[3] Apostol, T. M. Introduction to analytic number theory. Undergraduate Texts in Mathematics. Springer–Verlag,
New York–Heidelberg, 1976.
[4] Broughan, K. A. Adic Topologies for the Rational Integers. Canad. J. Math. 55, no. 4, 711–723, 2003.
[5] Bruhat, Franc¸ois. Distributions sur un groupe localement compact et applications a` le´tude des repre´sentations des
groupes p-adiques. Bulletin de la Socie´te´ Mathe´matique de France 89, 43–75, 1961.
[6] Cruz–Lo´pez, M. On Q–Invariant Ade`le–valued Functions on A. Bol. Soc. Mat. Mexicana, (3) 14, 75–84, 2008.
[7] Cruz–Lo´pez, M. and Estala–Arias, S. Invariant Ultrametrics and Markov Processes on the Finite Ade`le Ring of
Q. p–Adic Numbers, Ultrametric Analysis and Applications 8, no. 2, 89–114, 2016.
[8] Dragovich B., Radyno Ya. and Khrennikov A., Distributions on adeles, J. Math. Sci. 142, no. 3, (2007), 2105–2112.
[9] Dolgopolov, M. V. and Zubarev, A. P. Some aspects of m-adic analysis and its applications to m-adic stochastic
processes, p–adic Numbers, Ultrametric Analysis and Applications 3, no.1, 39–51, 2011.
[10] Evdokimov, S. Haar Multiresolution Analysis and Haar Bases on the Ring of Rational Ade`les. Journal of Math-
ematical Sciences 192, no. 2, 215–219, 2013.
[11] Furstenberg, H. On the infinitude of primes. The American Mathematical Monthly, 62, no. 5, pp. 353, 1955.
[12] Gelfand, I. M., Graev, M. I., Pyatetskii-Shapiro, I. I., Hirsch, K. A. (Translator) Representation Theory and
Automorphic Functions, W. B. Saunders; 1st edition (1969).
[13] Hardy, G. H. and Riesz, M. The General Theory of Dirichlet Series, Cambridge University Press, 1915.
[14] Hewitt, E. and Ross, K. A. Abstract Harmonic Analysis, Springer Verlag, Berlin, 1970.
[15] Igusa, J.I. An Introduction to the Theory of Local Zeta Functions. AMS/IP Studies in Advanced Mathematics,
14. American Mathematical Society, Providence, RI; International Press, Cambridge, MA, 2000.
[16] Khavin, V. P. and Nikol’skij, N. K. (Eds.) Commutative Harmonic Analysis I, Encyclopaedia of Mathematical
Sciences, Springer–Verlag, Berlin, 1991.
[17] Khrennikov, A. Y. and Kozyrev, S. V. Wavelets on ultrametric spaces. Appl. Comput. Harmon. Anal. 19, no. 1,
61–76, 2005.
HARMONIC ANALYSIS ON THE ADE`LE RING OF Q 27
[18] Khrennikov, A. Y. and Radyno, Y. V. On adelic analogue of Laplacian. Proc. Jangjeon Math. Soc. 6, no. 1, 1–18,
2003.
[19] Kochubei, A. N. Pseudo–differential equations and stochastics over non–Archimedean fields. Monographs and
Textbooks in Pure and Applied Mathematics, 244. Marcel Dekker, Inc., New York, 2001.
[20] Kosyak, A. V.; Khrennikov, A. Y.; Shelkovich, V. M. Pseudodifferential operators on ade`les and wavelet bases.
(Russian) Dokl. Akad. Nauk 444 (2012), no. 3, 253–257; translation in Dokl. Math. 85, no. 3, 358–362, 2012.
[21] Lang, S. Algebraic Number Theory. Second edition. Graduate Texts in Mathematics, 110. Springer–Verlag, New
York, 1994.
[22] McFeat, R. B. Geometry of numbers in adele spaces. Warszawa: Instytut Matematyczny Polskiej Akademi Nauk,
1971.
[23] Mackey, George W. Harmonic analysis as the exploitation of symmetry–a historical survey. Bull. Amer. Math.
Soc. (N.S.) 3 (1), (1980), 543–698.
[24] Ramakrishnan, D. and Valenza, R. J. Fourier analysis on number fields. Springer–Verlag, New York, 1999.
[25] Reed, M. and Simon, B. Methods of Modern Mathematical Physics. I: Functional analysis, Academic Press, 1980.
[26] Robert, A. Des ade`les, pourquoi?, Enseign. Math., 20, 133–145, 1974.
[27] Saloff-Coste, L. Ope´rateurs pseudo-diffe´rentiels sur certains groupes totalement discontinus, Studia Mathematica
83, no. 3, 205–228, 1986.
[28] Schaefer, H. H. and Wolff, M. P. Topological Vector Spaces, Springer–Verlag, New York, 1999.
[29] Struble, R. A. Metrics in locally compact groups. Compositio Mathematica 28, Fasc. 3, 217–222, 1974.
[30] Tate, J. Fourier analysis on algebraic number fields and Hecke zeta functions, in Algebraic Number Theory,
Cambridge University Press, 1967.
[31] Torba, S. M. and Zu´n˜iga–Galindo, W. A. Parabolic type equations and Markov stochastic processes on adeles. J.
Fourier Anal. Appl. 19, no. 4, 792–835, 2013.
[32] Urban, R. Markov processes on the adeles and Dedekinds zeta function, Statistics and Probability Letters 82,
1583–1589, 2012.
[33] Vladimirov, V. S. Generalized functions over the field of p–adic numbers. Usp. Mat. Nauk. 43, no. 5, 17–53, 1988.
[34] Vladimirov, V. S., Volovich, I. V. and Zelenov, E. I. p–adic analysis and mathematical physics. Series on Soviet
and East European Mathematics, 1. World Scientific Publishing Co., Inc., River Edge, NJ, 1994.
[35] Volovich, I. V. Number theory as the ultimate physical theory. p–adic Numbers, Ultrametric Analysis and Appli-
cations 2, no. 1, 77–87, 2010.
[36] Weil, A. Basic number theory. Third edition. Springer–Verlag, Berlin, 1974.
[37] Wilson, J. S. Profinite groups. London Mathematical Society Monographs. New Series, 19. The Clarendon Press,
Oxford University Press, New York, 1998.
[38] Yasuda, K.Markov processes on the adeles and Chebyshev function. Statistics and Probability Letters 83, 238–244,
2013.
[39] Zu´n˜iga–Galindo, W. A. Pseudodifferential Equations Over Non–Archimedean Spaces, Springer International Pub-
lishing, Switzerland, 2016.
∗ Departamento de Matema´ticas, CINVESTAV, Unidad Quere´taro, Me´xico
E-mail address : aguilarav@math.cinvestav.mx
∗∗ Departamento de Matema´ticas, Universidad de Guanajuato, Jalisco S/N Mineral de Valenciana,
Guanajuato, Gto. C.P. 36240, Me´xico
E-mail address : manuelcl@ugto.mx
∗∗∗ IMATE-JU, UNAM, Me´xico
E-mail address : samuelea82@gmail.com
